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Abstract
We prove that the projective space PG(5; q) can be partitioned into two planes and q3 − 1
caps all of which are quadric Veroneseans. This partition is obtained by taking the orbits of a
lifted Singer cycle of PG(2; q). The possibility of getting larger caps by gluing some of these
orbits together is also addressed. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
A typical problem in Galois geometries is that of partitioning nite ane or pro-
jective space into objects of a given type. Generally, one is interested in partitioning
projective space into subspaces of a given dimension, yielding spreads of various pro-
jective spaces. Partitions of projective space into non-linear varieties, all of the same
type, are also possible. For example, if n= mk and gcd(m; k) = 1, then the projective
space PG(n− 1; q) can be partitioned into Segre varieties of a suitable dimension [3].
Partitions of projective spaces into caps have recently received some attention. In this
direction, Kestenband [8] and later on Ebert [6], adopting a dierent method, proved
that the projective space PG(2n; q2) can be partitioned into (q2n−1 − 1)=(q − 1) caps
of size (q2n+1 + 1)=(q+ 1). Also, Ebert [6] proved that PG(2n− 1; q), n even, can be
partitioned into (qn − 1)=(q− 1) caps of size qn + 1.
It might well be the case that for a xed choice of the `partitioning object' the
space PG(n; q) cannot be partitioned `uniformly' into such objects, although it might
be possible to combine objects of dierent types and obtain what we shall generally
call a mixed partition of PG(n; q).
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For instance in [1] a non-linear mixed partition of PG(3; q) into two lines and q− 1
hyperbolic quadrics is used to construct innite families of 1-spreads admitting regular
elliptic covers.
It was proved in [9] that PG(2n−1; q2) can be partitioned into two (n−1)-dimensional
subspaces and q2n−1 caps of size (q2n−1)=(q2−1). In this paper we show the existence
of a mixed partition of the projective space PG(5; q) consisting of two planes and q3−1
caps of size q2 + q + 1. Our method holds for arbitrary values of q and is based on
the process of `lifting' collineations of PG(2; q) to collineations of PG(5; q) preserving
a quadric Veronesean.
2. Lifting collineations of PG(2; q) to PG(5; q)
Let V denote the quadric Veronesean of PG(2; q). We know from [7, Section 25:1]
that V is a (q2 + q + 1)-cap and that each linear collineation of PG(2; q) can be
`lifted' to a linear collineation of PG(5; q) preserving V, thus yielding a subgroup H
of PGL(6; q) xing V setwise. The group H is an isomorphic copy of PGL(3; q) and
is actually the full setwise stabilizer of V in PGL(6; q).
An explicit representation for H was given in [2]: given the linear collineation y 7!
y  A of PG(2; q) (with A = (aij), i; j = 0; 1; 2), then the `lifted' linear collineation of
PG(5; q) xing V is x 7! x  A, where A is the following 6 6 matrix:
0
BBBBBBBB@
a200 a
2
01 a
2
02 a00a01 a00a02 a01a02
a210 a
2
11 a
2
12 a10a11 a10a12 a11a12
a220 a
2
21 a
2
22 a20a21 a20a22 a21a22
2a00a10 2a01a11 2a02a12 a00a11 + a10a01 a00a12 + a10a02 a01a12 + a11a02
2a00a20 2a01a21 2a02a22 a00a21 + a20a01 a00a22 + a20a02 a01a22 + a21a02
2a10a20 2a11a21 2a12a22 a10a21 + a11a20 a10a22 + a20a12 a11a22 + a21a12
1
CCCCCCCCA
:
Let ! be a primitive element of GF(q3) and let f(x) = x3 − a2x2 − a1x − a0 be its
minimal polynomial over GF(q). The companion matrix C(f) of f given by
C(f) =
0
B@
0 1 0
0 0 1
a0 a1 a2
1
CA
induces a Singer cycle of PG(2; q). The `lifted' transformation is represented by
C(f) =
0
BBBBBBBB@
0 1 0 0 0 0
0 0 1 0 0 0
a20 a
2
1 a
2
2 a0a1 a0a2 a1a2
0 0 0 0 0 1
0 2a1 0 a0 0 a2
0 0 2a2 0 a0 a1
1
CCCCCCCCA
:
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3. The canonical form of a ‘lifted’ Singer cycle
The companion matrix C(f) is conjugate in GL(3; q3) to the diagonal matrix
D =
0
B@
! 0 0
0 !q 0
0 0 !q
2
1
CA :
via conjugation by the matrix
E =
0
BB@
1 1 1
! !q !q
2
!2 !2q !2q
2
1
CCA :
The lifting of the transformation E is
E =
0
BBBBBBBBBB@
1 1 1 1 1 1
!2 !2q !2q
2
!q+1 !q
2+1 !q
2+q
!4 !4q !4q
2
!2(q+1) !2(q
2+1) !2(q
2+q)
2! 2!q 2!q
2
!q + ! !q
2
+ ! !q
2
+ !q
2!2 2!2q 2!2q
2
!2q + !2 !2q
2
+ !2 !2q
2
+ !2q
2!3 2!3q 2!3q
2
!2q+1 + !q+2 !2q
2+1 + !q
2+2 !2q
2+q + !q
2+2q
1
CCCCCCCCCCA
;
and the lifting of D is
D =
0
BBBBBBBBBB@
!2 0 0 0 0 0
0 !2q 0 0 0 0
0 0 !2q
2
0 0 0
0 0 0 !q+1 0 0
0 0 0 0 !q
2+1 0
0 0 0 0 0 !q
2+q
1
CCCCCCCCCCA
:
Clearly both E and D lie in GL(6; q3). With this setting we prove the following.
Proposition 1. The transformations C(f) and D are conjugate in GL(6; q3) by the
matrix E.
Proof. From the fact that ! is a root of the cubic polynomial x3 − a2x2 − a1x − a0,
we get the following relations:
!3 = a2!2 + a1!+ a0;
!4 = (a1 + a22)!
2 + (a0 + a1a2)!+ a0a2;
!5 = (a32 + 2a1a2 + a0)!
2 + (a21 + a1a
2
2 + a0a2)!+ a0(a1 + a
2
2):
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Using the previous relations, elementary but tedious calculations show that
C(f)  E = E  D is the following matrix:0
BBBBBBBBBB@
!2 !2q !2q
2
!q+1 !q
2+1 !q
2+q
!4 !4q !4q
2
!2(q+1) !2(q
2+1) !2(q
2+q)
!6 !6q !6q
2
!3(q+1) !3(q
2+1) !3(q
2+q)
2!3 2!3q 2!3q
2
!2q+1 + !q+2 !2q
2+1 + !q
2+2 !2q
2+q + !q
2+2q
2!4 2!4q 2!4q
2
!3q+1 + !q+3 !3q
2+1 + !q
2+3 !3q
2+q + !q
2+3q
2!5 2!5q 2!5q
2
!3q+2 + !2q+3 !3q
2+2 + !2q
2+3 !3q
2+2q + !2q
2+3q
1
CCCCCCCCCCA
;
and the result follows.
As f!2; !2q; !2q2g and f!q+1; !q2+q; !q2+1g are two sets of elements of GF(q3)
which are conjugate over GF(q), the previous Proposition shows that the transforma-
tion C(f) has a rational form which is a block diagonal matrix, each block being
the companion matrix of a cubic irreducible polynomial over GF(q). In fact, since
gcd(2; q2 + q+1)= 1= gcd(q+1; q2 + q+1), we know that these blocks each induce
Singer cycles on PG(2; q). From a geometric point of view, this means that the linear
collineation of PG(5; q) induced by C(f) xes two planes which can always be cho-
sen as the planes 0 and 00 with equations X0 = X1 = X2 = 0 and X3 = X4 = X5 = 0,
respectively. This collineation acts regularly on the points of each of these planes.
4. Mixed partitions of PG(5; q)
Let M be the rational form of C(f) as described at the end of the last section, say
As mentioned above, S and T induce Singer cycles on PG(2; q). In fact, since C(F)
induces a collineation of order q2+q+1 on PG(5; q), it must be the case that Sq
2+q+1=
Tq
2+q+1 = I . Let   denote the linear collineation induced by M and let G denote the
cyclic group generated by   that acts on PG(5; q).
We begin with a preliminary result.
Proposition 2. Each point orbit of G has length q2 + q+ 1.
Proof. Let (X0; X1; X2; X3; X4; X5) be projective coordinates in PG(5; q), and let 0 and
00 be the planes with equations X0 = X1 = X2 = 0 and X3 = X4 = X5 = 0, respectively.
Using the notation above, the action of G on 0 is induced by S, and the action of G
on 00 is induced by T . Since these are both Singer cycle actions as discussed above,
these two planes are full point orbits under G. Clearly each point orbit has length at
most q2 + q+ 1 as the order of G is q2 + q+ 1.
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Now let P = (x0; x1; x2; x3; x4; x5) be a point neither on 0 nor on 00. We have
in particular (x0; x1; x2) 6= (0; 0; 0). Setting P(i) = P  Mi for i = 0; 1; : : : ; q2 + q we
have P(i) = ((x0; x1; x2)  Si; (x3; x4; x5)  T i). Since (x0; x1; x2)  Si is not proportional to
(x0; x1; x2) Sj for i 6= j, it follows that P(0), P(1); : : : ; P(q2+q) are pairwise distinct points
of PG(5; q) and so the orbit containing P also has size q2 + q+ 1.
Since a Singer cycle acts transitively on the lines of PG(2; q), we know G acts
transitively on the points of a Veronesean surface V and so one of the orbits of G
acting on PG(5; q) is a (q2 + q+ 1)-cap. Let 0 and 00 be the xed planes under G
as above.
Proposition 3. Each point orbit of G other than the two planes 0 and 00 is a
(q2 + q+ 1)-cap.
Proof. Let P = (x0; x1; x2; x3; x4; x5) be a point of PG(5; q), with P 62 0 [ 00. Thus
(x0; x1; x2) 6= (0; 0; 0) and (x3; x4; x5) 6= (0; 0; 0). We assume that  , a generator of G, is
induced by the matrix M as described above. Suppose that P, P Mi, P Mj are three
distinct collinear points in the orbit of P under G. Then there exist scalars ;  2 GF(q)
such that P + P  Mi + P  Mj is the zero vector 0. Thus P(I + Mi + Mj) = 0.
Expressing M as the direct sum of the two 3 3 matrices S and T as before, we have
(x0; x1; x2)(I+Si+Sj)=(0; 0; 0) and (x3; x4; x5)(I+T i+T j)=(0; 0; 0). This forces
the determinants of the matrices I + Si + Sj and I + T i + T j to be 0. Since the
minimal polynomial of S is cubic, we have I + Si + Sj = aI + bS + cS2 for some
a; b; c 2 GF(q). Furthermore, the GF(q)-algebra, say F, generated by S is isomorphic
to GF(q3) [4], and hence the unique singular matrix of F is the null matrix. Thus we
conclude that I + Si+Sj = 0, and similarly I + T i+T j = 0, where 0 now denotes
the zero matrix. Therefore I + Mi + Mj = 0.
Now let P be a point of the orbit which is known to be a cap, namely a point
on V. From the above discussion, P(I + Mi + Mj) = 0, and so P, P  Mi, P  Mj
are linearly dependent vectors representing three collinear points on the cap V. Note
that these points are distinct since the action of G on V (in fact, on any orbit by the
previous Proposition) is regular. This contradicts the fact that V is a cap.
Corollary 4. Each point orbit of G other than the two planes 0 and 00 is a quadric
Veronesean.
Proof. Let P be a point of the orbit under G known to be a quadric Veronesean,
namely V. Since V spans all of PG(5; q), we can nd a basis of the underlying vector
space from this orbit, say PMi1 ; PMi2 ; PMi3 ; PMi4 ; PMi5 ; PMi6 for some distinct integers
i1; i2; i3; i4; i5; i6 between 0 and q2+q. Now let P be a representative for any non-planar
point orbit O under G. Since P is neither in 0 nor in 00, the same argument as
given in the above proof shows that fPMi1 ; PMi2 ; PMi3 ; PMi4 ; PMi5 ; PMi6g is a linearly
independent set of vectors, and thus is a basis of the underlying vector space for
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PG(5; q). Hence we can nd a linear collineation  of PG(5; q) that maps PMij to
PMij for j = 1; 2; 3; 4; 5; 6.
If PMi is an arbitrary point of V, we may express PMi = a1 PMi1 + a2 PMi2 +
a3 PMi3 + a4 PMi4 + a5 PMi5 + a6 PMi6 for some a1; a2; a3; a4; a5; a6 2 GF(q) by using
the rst basis described above. Since P is neither in 0 nor 00, the same argument
again shows that Mi−a1Mi1−a2Mi2−a3Mi3−a4Mi4−a5Mi5−a6Mi6 = 0. Now  maps
PMi to the point P(a1Mi1 +a2Mi2 +a3Mi3 +a4Mi4 +a5Mi5 +a6Mi6 )=PMi 2 O. Thus
 maps V onto O (all orbits under G have the same size), and O is also a quadric
Veronesean.
Corollary 5. The projective space = PG(5; q) can be partitioned into two planes,
namely 0 and 00; and q 3−1 quadric Veroneseans. Moreover; if q is a square; then
PG(5; q) can be partitioned into caps of size q−pq+ 1.
Proof. The rst assertion is clear. Concerning the second assertion, note that   induces
Singer cycles on both 0 and 00. Hence the orbits on the two xed planes under the
subgroup K of G of order q − pq + 1 are the cyclic (q − pq + 1)-arcs by Ebert{
Kestenband [6,10]. The subgroup K acts semiregularly on each quadric Veronesean of
our partition. Each such quadric Veronesean is thus further partitioned into K-orbits of
size q−pq+ 1, each of which is a cap, since subsets of caps are caps.
5. Gluing cap-orbits to get larger caps
It is often the case that non-planar orbits under the lifted Singer cycle (that is,
quadric Veroneseans) can be glued together to form larger caps of PG(5; q). Although
it seems dicult to determine in general when two such orbits are compatible in
this sense, computationally one can easily accomplish this task for small values of q.
For instance, using the software package MAGMA [5], we were able to construct a
complete cap of size 155 in PG(5; 5), a complete cap of size 285 in PG(5; 7), and
complete caps of sizes 365 and 438 in PG(5; 8). Perhaps more interestingly, we were
able to construct the largest known cap to date in PG(5; 4) using this method. We now
explicitly describe the latter cap.
Let ! be a primitive element of GF(43) with minimal polynomial f(x)=x3+x2+x+,
where  is a primitive element of the subeld GF(4). Using the notation established
above, we have
C(f) =
0
B@
0 1 0
0 0 1
 1 1
1
CA ; C(f) =
0
BBBBBBBBB@
0 1 0 0 0 0
0 0 1 0 0 0
2 1 1   1
0 0 0 0 0 1
0 0 0  0 1
0 0 0 0  1
1
CCCCCCCCCA
:
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The canonical rational form for C(f) is
M =
0
BBBBBBBBB@
0 1 0 0 0 0
0 0 1 0 0 0
2 1 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 2  1
1
CCCCCCCCCA
:
We let   denote the collineation of PG(5; 4) induced by M , and let G be the cyclic
group generated by  . Apart from the two xed planes 0 and 00, we have 63 orbits
under G on the remaining points of PG(5; 4), all of which are caps of size 21 (in fact,
quadric Veroneseans). The following six points are representatives for six of these
orbits:
(1; 0; 1; 1; 1; 0); (1; 0; 1; 1; 1; 1); (1; 1; 1; 0; 1; 1);
(1; 1; 1; 1; 0; 1); (1; 1; 1; 1; 0; 0); (1; 0; 0; 1; 1; 1):
The union of these six orbits is a cap of size 126, the largest cap of PG(5; 4) so far
constructed.
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